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EARTH-MOON SYSTEM: DYNAMICS AND PARAMETER ESTIMATION
 
By 
W. J. Breedlove, Jr.
 
INTRODUCTION AND SUMMARY
 
General
 
This report constitutes the final report required under
 
grant NSG 1152 issued by the National Aeronautics and Space
 
Administration entitled "Earth-Moon System: Dynamics and Param­
eter Estimation." A preliminary survey was prepared under
 
Master Contract Agreement NASl-ll707, Task Authorization
 
No. 41. The results of that survey are in reference 1.
 
Original Objectives
 
Objectives of the original grant were to
 
1. Prepare a dynamic model of the coupled translational/
 
rotational motion of the moon for use in a data-reduction
 
process at NASA/Langley Research Center (LaRC). The available
 
Lunar Laser Ranging Experiment (LURE) data perhaps in conjunc­
tion with other data types were to be utilized;
 
2. Obtain an accurate numerical integration scheme
 
capable of solving the equations of motion to a high degree
 
of accuracy;
 
3. Develop observational and normal equations for the
 
LURE data type; and
 
4. Participate in the data analysis and interface
 
grant-developed software with existing LaRC software for
 
use in a parameter-estimation process.
 
1 	Associate Professor, Department of Mechanical Engineering
 
and Mechanics, Old Dominion University, Norfolk, Virginia,
 
23508.
 
Objectives of Continuation Grant
 
Objectives in an extension to the original grant included
 
5. Conversion of grant-developed software from the
 
CDC 6600/6700 computers to the Old Dominion University DEC 10
 
computer;
 
6. Incorporation of BIH data into the software for Earth
 
rotation;
 
7. Analysis of LURE data to determine or study the
 
possibility of determining various parameters; and
 
8. Study of potentialities of using LURE data with other
 
data types for parameter estimation.
 
Accomplishments
 
The following provides an assessment of the status of
 
work towards the above objectives.
 
1. The Unified Model of Lunar Translation/Rotation
 
(UMLTR) has been coded and verified. The model is capable
 
of integrating all planets in a coupled sense with the
 
rotational motion of the Moon. Comparisons of the UMLTR
 
with DE-96 show accuracies of 500 m for the Earth-Moon
 
barycenter after 3 years and * 100 m for the heliocentric
 
position of the Moon for the same time span. Comparisons
 
of the UMLTR with Eckhardt's 300 series for lunar librations
 
show standard deviations of less than 0.15 seconds in the
 
physical librations p, Ia, and '.
 
2. A paper "A Unified Model of Lunar Translation and
 
Rotation for Use in the Reduction of Lure Data" was presented
 
to the Division of Dynamical Astronomy of the AAS.
 
3. An accurate integrator was obtained, verified, and
 
is currently in use in the UMLTR. The method is "Everhart's
 
Single Sequence Method" (ref. 2).
 
4. A paper, "A Numerical Study of the Effects of Fourth
 
Degree Terms in the Earth-Moon Potential on Lunar Physical
 
2 
Librations," was presented at the Scientific Applications of
 
Lunar Laser Ranging Symposium and published in the proceedings
 
(Appendix A).
 
5. The BIH data has been obtained from the Jet Propul­
sion Lab (JPL); and has been incorporated in the software.
 
6. A program, NORM, has been obtained from NASA/LaRC.
 
This program forms normal equations to be used in the data­
reduction process. It essentially solves the light-time
 
problem, calculates the observable quantity, and forms observa­
tional related partial derivatives7 subroutine T0P0S and
 
certain time conversion routines from NORM have been verified.
 
7. Programming of the variational equations is about
 
75 percent complete. Numerical partial derivatives were
 
utilized for the entire study.
 
8. LURE normal points (and filtered data) for a six­
year period are available (ref. 3).
 
9. A paper "A Unified Model of Lunar Translation/Ro­
tation" has been submitted to the Celestial Mechanics Jour­
nal (Appendix B).
 
10. A study of the coupling between lunar translational
 
and rotational motions was performed using the UMLTR. It was
 
found that fourth degree lunar harmonics produced orbital
 
perturbations of 5 cm, 0.0018 cm, and 0.0025 cm, respectively
 
in semimajor axis, perigee, and longitude after three years
 
due to the coupling mechanism.
 
11. A paper "On Lunar Orbital-Rotational Coupling and
 
Figure-Figure Interactions in the Earth-Moon System" has
 
been accepted for the 17th Aerospace Sciences Meeting of
 
the AIAA (Appendix C).
 
12. 	 A study of the feasibility of estimating simulta­
,
neously the lunar inertias A/MR2 , B/MR2 and C/MR2 using
 
actual LURE observation times (ref. 3, and numerical partials
 
to form a normal matrix has been accomplished. The results of
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this study show no major problem in estimating these quantities
 
when a rather limited set of parameters is considered. The
 
results of this study are presented in Appendix C.
 
THE UNIFIED MODEL OF LUNAR TRANSLATION/ROTATION (UMLTR)
 
A numerical model which integrates the heliocentric
 
equations of motion for all planets, the Earth-Moon bary­
center, the geocentric motion of the Moon, and the Moon's
 
rotational motion in a coupled sense has been derived, coded,
 
and verified. A description of the UMLTR with details on
 
various comparisons with Eckhardt's analytical model for the
 
lunar physical librations and the JPL DE-96 ephemeris is
 
presented in Appendix B. Reference 4 contains the derivations
 
of the basic equations used in the UMLTR. A description of
 
the numerical integration package used in the UMLTR as well as
 
a description of an auxilliary program ANEAM0 is provided in
 
reference 5. Program ANEAM evaluates analytic results for
 
the rotational and translational motion of the Moon and inter­
polates DE-96 for the position of the Moon and planets.
 
Reference 6 provides a description of some modifications to
 
the UMLTR. Also, that reference provides a data analysis
 
framework and the complete set of variational equations. A
 
description of the various data files, programs, and auxilliary
 
programs necessary for use with the UMLTR is presented in
 
reference 7. Reference 8 describes the normal equation formu­
lation to be used with the UMLTR. Finally, the general status
 
of the work on NASA Grant NSG-1152 is presented in reference 9.
 
THE EFFECT OF FIGURE-FIGURE INTERACTIONS
 
ON LUNAR PHYSICAL LIBRATIONS
 
One of the main purposes for development of the UMLTR
 
was to investigate certain small effects on lunar rotation
 
that might be discernible in the LURE data. One such effect,
 
the figure-figure interaction (FFI) between the Earth and the
 
4 
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Moon, stems from certain terms in the Earth-Moon mutual poten­
tial which have been neglected in most models to date.
 
A disadvantage of numerical methods is that long-term
 
behavior cannot be evaluated due to roundoff error growth.
 
Thus, the effect of FFI was made only for a three-year period.
 
Some preliminary numerical results are presented in Appendix
 
A. There it was concluded that the effect of FFI on lunar
 
physical librations amounted to at least 0.01" which mapped
 
into range errors of 3 to 4 cm. This effect should be modeled,
 
therefore, since the LURE data accuracy is expected to approach
 
the 2- to 3-cm level.
 
Yoder in reference 10 subsequently showed, using an
 
approximate theoretical analysis, that the effect of the FFI
 
was to produce an 18.6-year libration of magnitude 0.0018"
 
in longitude and 0.08" in latitude. This effect is now
 
being included in the JPL physical libration model.
 
THE EFFECT OF 	TRANSLATIONAL/ROTATIONAL COUPLING
 
ON THE LUNAR ORBIT
 
Another small effect heretofore neglected in analytical
 
and numerical models is the rotational/translational coupling
 
of lunar rotation with the lunar orbit. This effect is
 
usually handled in an iterative manner, i.e., an ephemeris is
 
produced assuming Cassini's laws are valid or that a given
 
analytical theory represents the lunar rotation. Then, a
 
rotational integration is made providing better knowledge for
 
the next ephemeris generation.
 
The coupling effect is difficult to evaluate numerically.
 
To gain some insight into the nature of, and magnitude of,
 
the coupling effects, some numerical experiments were made.
 
These experiments are described in Appendix C.
 
It was found that fourth degree lunar harmonics produce
 
perturbations of 5 cm, 0.0018 cm and 0.0025 cm respectively
 
in semimajor axis, perigee and longitude, after three years,
 
due to the coupling mechanism.
 
5 
AN ERROR ANALYSIS FOR ESTIMATING LUNAR
 
INERTIAS FROM LURE DATA
 
The feasibility of estimating lunar inertias A/MR2 ,
 
B/MR2 , and C/MR2 using the UMLTR and a single data set was
 
studied. The results of this study are presented in Appendix
 
C. This study did not involve a complete parameter set but
 
indicates no major correlations or problems in estimating
 
the above parameters using a data set such as LURE.
 
6 
APPENDIX A
 
A NUMERICAL STUDY OF THE EFFECTS OF FOURTH DEGREE
 
TERMS IN THE EARTH-MOON MUTUAL POTENTIAL ON
 
LUNAR PHYSICAL LIBRATIONS
 
(Article from Scientific Applications of Lunar Laser Ranging.)
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A NUMERICAL STUDY OF THE EFFECTS OF FOURTH DEGREE TERMS IN THE
 
EARTH-MOON MUTUAL POTENTIAL ON LUNAR PHYSICAL LIBRATIONS*
 
W.J. Breedlove, Jr.
 
Mechanical Engineering and Mechanics Department
 
Old Dominion University
 
Norfolk, Virginia, U.S.A.*
 
ABSTRACT. Lunar laser Ranging Data (LURE) is currently available 
with a range accuracy of 10 cm. Accuracies of 2 to 3 cm are 
ultimately expected. Previous analyses have shown that for an 
Earth-Moon range precision of 10 cm, certain fourth degree lunar 
harmonic gravity coefficients must be included in the lunar 
physical libration model. An order-of-magnitude calculation 
shows that some torques arising from previously neglected fourth­
degree "figure-figure interaction" terms of the Earth-Moon mutual 
potential could produce effects on the physical librations that
 
should be modeled for range accuracies of 2 to 3 cm.
 
An investigation of the effect of these "interaction" terms has
 
been undertaken utilizing the "Unified Model of Lunar Translation/
 
Rotation" (UMLTR) currently being developed by the author for
 
eventual use in the analysis of the Lunar Laser Ranging Experi­
ment (LURE) data.
 
This paper first presents a description of the UMLTR. Secondly, 
numerical results of an investigation of the effects of the
 
mutual potential "figure-figure interaction" terms on the physi­
cal librations are presented. it is shown that these terms 
should be included in a lunar physical libration model when 
accuracies of 0.007 to 0.01 arc seconds (2 cm to 3 cm range pre­
cision) are required.
 
* 	This work has been supported by the National Aeronautics and
 
Space Administration under grant NSG 1152.
 
Present address.
 
J lVulholland (ed). Scienfic A4niscanonsof Lunar L=er Ranging, 6.-17 Al Rights Resered
 
Copyright 1977 by D Resdet .bltzshing Conzvcny DordechtHolland
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1. INTRODUCTION
 
The ever-increasing accuracy of the Lunar Laser Ranging, Expera­
ment (LURE) data has necessitated a re-examination of the theor­
etical models used in calculating the lunar orbit and lunar
 
rotational motion.
 
Previous studies have shown that numerical or "special perturba­
tion' models are better suited to provide the required accuracy
 
than available analytical models. Thus, numerically integrated
 
lunar orbits such as described by Oesterwinter and Cohen (1972)
 
and Mulholland and Shelus (1973) have replaced the use of vari­
ous versions of Brown's Lunar Theory. Also, solution of the
 
lunar rotational equations of motion by numerical integration as
 
done by Williams and Slade (1973) and Papo (1973) supplemented 
the use-of analytical theories such as those of Koziel (1948)
 
and Eckhardt (1965, 1970, 1973).
 
The above numerical models have made the assumptions that (1)
 
lunar rotational and translational motions are uncoupled, and
 
(2)Earth and lunar radii are small compared to the mutual
 
Earth-Moon distance, r.
 
Dubosh.n (1958) has shown that translational and rotational
 
motions of two interacting rigid bodies are rigorously coupled
 
if terms are retained in the differential equations proportional.
 
-
to the inverse fourth power (r 4) of the mutual distance between 
the bodies, If terms proportional to r' (r - 5 ) are retained 
then second (second and third) degree gravitational harmonics
 
of both bodies appear in the forces and second and third (second,
 
third, and fourth) degree harmonics appear in the torques. Also,
 
can be shown (see section 3) that if terms proportional to
it 

-
r 5 are retained in the differential equations, then "figure­
figure interaction" terms from the mutual potential appear in
 
the torques exerted on both bodies.
 
Existing models, however, indirectly account for coupled lunar
 
This is usually done by
translational and rotational motions. 

assuming that Cassan's laws are saztsfged or by using an analyt­
ical theory for the lunar rotational motions whale calculating
 
the orbit. This precomputed lunar orbit is then used as an input
 
to the numerically integrated rotational equations. This orbit
 
can then be used in a recalculation of the lunar iibratzons,
 
etc.
 
The second assumption--to the author's knowledge--has not been
 
accounted for in existing models. The consequences of assump­
tion (2)are that the Earth is treated as a particle in the
 
field of a non-spherical Moon and the Moon is treated as a par­
ticle in the field of a non-spherical Earth in the same model.
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In other words, the rigorous mutual potential, as discussed by

Brouwer and Clemence (1961) of the Earth-Moon system is not
 
modeled.
 
Eckhardt (1973), Kaula and Baxa (1973), and Pesek (1973) have
 
shown that the effects of the Earth acting on the third and
 
fourth degree lunar gravity harmonics is observable within the
 
current LURE data accuracy (10 cm). It can also be shown that
 
torques acting on the Moon due to the interaction of the Earth's
 
oblateness with lunar second degree coefficients are roughly of
 
the same magnitude as those produced by the Earth acting on cer­
tain fourth degree lunar harmonics.
 
The preceding considerations, viz., (1)the trend to numerical
 
integration, (2) translation-rotational coupling, and (3)mutual
 
potential terms, led to the development of the Unified Model of
 
Lunar Translation/Rotation (UMLTR). This model is essentially
 
a numerical integration of the coupled translational-rotational
 
motion of the Moon simultaneously with the translational motion
 
of the planets. The heliocentric motions of the Moon and planets
 
are integrated in a manner similar to that of Oesterwinter and
 
Cohen (1972).
 
This paper presents a brief description of the UMLTR. It also
 
presents a numerical investigation of the effect of previously
 
neglected mutual potential terms on the lunar physical librations
 
using the UMLTR.
 
The rotational motion of the Earth is omitted from these consid­
erations since the usual practice is to obtain its rotational 
motion from observational data such as the BIH data. This prac­
tice is to be followed at least in the initial use of the UMLTR. 
2. THE UNIFIED MODEL OF LUNAR TRANSLATION/ROTATION 
The Unified Model of Lunar Translataon/Rotation (UMLTR), as
 
currently progra ed treats tne Sun (1), Mercury (2), Venus (3),

Mars (6), Jupiter (7), Saturn (8), Uranus (9), Neptune (10), ana
 
Pluto (11) as spherical homogeneous particles. It treats the
 
Earth (4)and Moon (5) as asrherical rigid bodies.
 
The equations of motion for the above system referred to a helio­
centric frame whose axes {X'} translate with respect to an
 
inertial reference frame (mean equator and equinox of 1950.0)
 
are: 
{riG1 m3) rM
(7) ".((mj rj)~1 11- 1 
1
= {m U P G{ lr rj (contIa.)
=0
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(Mn 1 
-1-.1 11~0 ~}rij.-mf Fl) 
, {m 7 UI~l n 7 1 (concl'd.)
 
+(C' U, m- 7 015 , (i = 2, 11) 
and 
j 2 dt { 
(2) 
(j,k = 0, 1, 2, 3). 
In the above equations:
 
P 11 
U = G E m. m. r. ,' the direct planetary terms, 
i>j=2 1 j 13 
U45 is the Earth-Moon system mutual potential in the form
 
derived by Giacaglia and Jeffreys (1971),
 
U14 	 is the potential for the interaction of the Sun with
 
the aspherical Earth,
 
U13 is the potential for the interaction of the Sun with
 
-the aspherical Moon,
 
Fincludes relativity perturbations on all planets using
 
the Eddington/Robertson form as nresented by -nderson 
(1974), and tidal accelerations on Earth and lunar
 
orbits formulated similarly to that by Oesterwinter
 
and Cohen (1972),
 
8, is an orthogonal matrix of Euler parameters
(k,3 = 0, 1, 2, 3), and
 
({2} 	 is the angular velocity of the Moon with respect to a
 
defined reference frame (j = 0, 1, 2, 3).
 
The rotational motion of the Earth is adopted from Woolard (19SS)
 
in the current version of the UMLTR.
 
Equations (1) are standard in form except for tne mutual poten­
tial terms in Ut, 5 and the implicit coupling between equations
 
(1) and (2).
 
Equations (2) are the differential eauatlons for the motion of a
 
(2_L wIth 
set of selenocentric--body fixed"--principal axes, 
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respect to a set of reference axes {Z,}. The relative orienta­
tion of these frames is shown in figur 1. 
The orientation of (ZI.} with respect to inertial space can be 
completely specified once the relative position of the Earth and
 
Moon are known with respect to (X1'}. In figure 1, the axes
 {X ,T} are geocentric axes translating with respect to the frame 
{X1 '}. Thus, are the spherca-l polar coordinates of the
r,A,9 F nally, the
,I }Moon relative to the Earth referred (XiT}.
to 

unit vectors {Ki} of the reference frame {Z.} are related to 
the spherical polar unit vectors r,X * via 
reze 

= -rK! (3 )
K 2= - A 
K3
 
K33
 
Z3 
Xy3 Mt()MSC l 
^
z! 

7_
r 
A, T EART (4) ASS Mjf R 22 
1 1 
Figure 1. Coordinate frames for lunar rotational motion.
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The relative orientation of {zj} and (Z1} is specified by
 
the Euler parameters 80,81,$2,83 using the notation of Morton
 
and Junkins (1973). Accordingly,
 
fZi = [c] (Z.} (4) 
where
 
02+.!a2-2.-ss 2(6162+6063) 2 (0183-B082) ]
 
cc] 2(0Sz-O803) a08-lZ±2-832 2(Szs081)
 
_2003+8oh) 2(8263-8o81) 8o--12- 24W
 
Also, the matrix [jk] of equation (2)is of the form
 
ao -al 
-h -83 
Oi 6o -83 62
 
] z 83 8o -81
 
as -$Z 61 $0
 
The angular velocity vector (.} is essentially the difference
 
in absolute angular velocities of the Moon wi wZ w , and the
 
reference axis system -1 sin 6, o, X cos o expressed in com­
ponents in the system z }, viz.
 
1 
o o
 
W1- sin 9
 
(c] (6)
 
W29
 
1W3 ACos
 
The time derivatives of {Q.} as required in equation (2)can
 
be evaluated from Euler's e uations for a rigid body, viz.
 
"II T /A' c' w'T.IA a w2W3 
-T/' - i' 3 (7) 
3 
 T,/C' Yi'
 
The torque T' (i = 1, 2, 3) ,ncludes terms representing" (l)
 
the action or a snherical Earth and Sun on lunar second degree
 
harmonics, (2)the action of a spherical Earth on lunar third
 
and fourth degree harmonics, and (3) the interaction of a tri­
13 
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axial Earth with lunar second degree harmonics as specified by
 
the Earth-Moon mutual potential.
 
The set of second order equations (1)and (2)are integrated
 
numerically--in the present version of the 0MLTR--using an
 
implicit single-sequence method developed by Everhart (1974).
 
The method uses "Gauss-Radau spacings for substeps within each
 
sequence," and integration orders of 7 to 31 are possible.
 
The following translational options are currently available in
 
the program: (1)integrate all planets, (2) integrate Mercury,
 
Venus, Earth, Moon, Mars, Jupiter, and (3) integrate Earth and
 
Moon only.
 
In options (2) and (3) above the remaining planetary ephemerides
 
are read from JPL ephemeris tapes.
 
A comparison of the calculated values of the lunar physical
 
librations p, la, and -r as defined by Eckhardt (1965, 1970),
 
with the integrated values produced by the UMLTR is in progress.
 
The results of the comparison are to be shown elsewhere,
 
Breedlove (1976).
 
3. 	FOURTH DEGREE TORQUES ON THE MOON RESULTING FROM THE MUTUAL
 
POTENTIAL
 
The 	mutual potential of two arbitrarily shaped rigid bodies may
 
be put into the following standard form as first shown by
 
Giacaglia and Jeffreys (1971):
 
Gm~ms n
 
U45 - - Z Pnm(sin *aS) 4nm (8)rO
U55 n=2 m 

where
 
inm 	=Xnm cos m Ynm sin mX4 5
 'Y45 

The 	coordinate system implicit in equation (8) is centered at
 
one 	of the bodies and r495,45,Al5 are the spherical polar
 
coordinates of the mass center of the other body with respect
 
to that coordinate system.
 
Representative values of the coefficients Xnm and Ynm are
 
listed here as presented in Giacaglia and Jeffreys (1971)'
 
X23 	= a2 Cj + a2c' , () = 0,1,2)2j 	 (9)
 
Yj 	= a2_ . aT2 , (j = 1,2) 
14 
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a CC4=0 + a'1C 40 	 (10)
 
+ 6a2a,2(CaoC2o 2C22C 21 + S 2SjZ)
 
etc.
 
The . and Y., are composed 	of two-types of tenms, viz. 
(1)"particle-figure interaction" 	(PFI) terms such as a2C2, 
a4C40, a' 4 C40. and (2)"figure-figure interaction" (FFI) terms 
such as a2a2C0C. In equation (10) a geocentric principal 
axis system is utilized, thus the C-. and Si are constants.
 
Since the and must bevauated in the same frame, 
they become fnctions or the relative orientation of the two 
bodies. 
Torque expressions may be derived from equation (8)by forming
 
partial derivatives of U45 with respect to suitable rotational
 
variables such as the direction cosines specifying the relative
 
orientation of the two rigad bodies as shown by-Beletskii (1966).
 
Torques due to "particle-figure interactions" and involving the 
third and fourt5 degree lunar harmonics may be found in the 
works of Kaula and Baxa (1973), Pesek (1973), and Eckhardt (1973). 
Torques due to "figure-figure interactions" of a tria.xial Earth 
with a Moon represented by second 	degree harmonics have been der­
ived from equation (8)and are listed below:
 
TI/Al = Gua2 a'r- 5C20 [l8P0Y'Y"
 
+ 5P41C(a'r" + y'a")cX - ('(1s" - y"8')sX} 
+ CP42/2){(ct'c" - VI")c2A - (S'a" + a'I)s2,}] 
-a")
+ 	Gm4a2afr-Caz[-6P0(WVt 
y"$')sX}
" 3Pal{-(a"y' + y"')cA Cy'8" . . 
+ 5P4 2 { -' y"c2X} 
+ y"a')sSA}
' 
++ (P43 /2)((a"y' y"a')c5A Cr'S" 
+ 	 (p4uA)((a'c" - $'3")c4X 
, C Ial"+ a l'l" } ] ,()sA X 
Tj/BI = Gmha 2 $s'r-C20 [-l8Ph0yy"
 
+ 3PalC(ayTI - ya")cX - C y" + YS")Sl} 
15 
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" 	 (PLa/2) ((88"l - aa")c2X - (a$" -~ 8Wl) s28I] 
+ 	 Gm~a2 'r-0C2 [-6P40 (S8" - Ca") 
+ 3P I(a(" - yc")cX - (ay" + Ya")SX} 
- 3p 2z -rc2X} 
-	 (P4 3/2){Cay" + ya")c3X * CBy" + y8")s3X} 
+ 	 (P44/4)(C(8" - aa t )c4 - @8" - Bal")s4A}] 
(12) 
T'/B' = Gma 2 -'Ir- 5CZO[18P 0oyy'
 
+ 	3P~j((a7 ' - a'y)cX ' C6y' - y8')sA} 
+ 	CP42/2){(aa' - 8$')cA + (aS' + Sa')sA}] 
+ 	Gm4a 2Y'r-C 22 [6Pt0(Caa' - 88') 
+ 	3P4 1{-CaY' - Ya')c (Y' + yO')SX} 
+ 	3P4a2{yy'c2X}
 
+ 	 (P43/2){(ay' yal)c3 + (Sy' + yS')s3A} 
(P44/4){(aa' - 88')c4 
(aa' + aa')s4A}] (13) 
where the relative orientation of the geocentric principal axis
 
frame Ori } and the selenocentric principal axis frame {z1 }
 
is specified by
 
(yi} a, all i }  	 (14)8 

y I yI, 
using the notation similar to Beletski (1966). in eauations
 
(11) to (13) the subscripts d5 have been omittea for clarity
 
and the abbreviations c - cos and s z sin have been used.
 
The torque expressions in equations C(1) to (15) contain the
 
direction cosines a,y',y" of the rotation axis of the Earth
 
with respect to the selenocentric frame fzil. it c--n be shown
 
that these quantities exhibit periodic variations with the lunar
 
nodal period (18.6 years), among others.
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Lure (1963) presented a vector-dyadic form of equations (11) to
 
(13) when the interaction of the Earth's oblateness with a tri­
axal Moon was considered.
 
4. 	THE EFFECT OF FIGURE-FIGURE INTERACTION TERMS OF THE EARTH-
MCON MUTUAL POTENTIAL ON LUNAR PHYSICAL LIBRATIONS 
A qualitative analysis of the effect of the "figure-figure inter­
action" (FFI) torques on the lunar physical librations was under­
taken in the following manner. The UMLTR was used to produce a
 
simulated set of physical librations over a three-year period 
beginning at J.D. 2441200.5. This set ("observations") was 
calculated including the effect of the usual second degree 
terms in the lunar torques as well as the FFI torques due to the
 
Earth's oblateness. A "calculated" set of librations consti­
tuting the model was next produced in a similar manner but with 
the FFI torques omitted, The model was then fitted to the obser­
vations in a least squares sense by adjusting the lunar inertia 
ratios a',S', and y' and the rotational initial conditions
 
(8±)o and (i)o. The results of this fit are shown in
 
figure 2.
 
The nature of the residuals indicates that the FFI torques pro­
duce monthly variations in the latitude labrations, o and Ia, 
with amplitudes of about .002". Also, the residuals in p, Ia, 
and t indicate a long period effect that could not be fit over 
the 	adopted time interval (3 years). This long period effect is
 
due 	to the 18.6 year variation in the direction cosines yy',y"
 
of the Earth's spin axis with respect to the lunar frame (Z1}
 
as discussed in section 3. Physical librations in p, Ia, and
 
r with amplitudes of 0.01" are apparent from figure 2 due to
 
the 	presence of the FFI torques.
 
The 	above results were obtained with nominal values of
 
= -	 -3
8 0.6293 x 10 , y = 0.227 x 10"3, and'C20 = -1.08261 x 10 . 
Data was obtained in 3-day increments and the 11th order version 
of Everhart's [1974) integrator was used. Planetary and lunar 
initial conditions were adopted from Oesterwinter and Cohen (1972) 
S. 	CONCLUSIONS
 
The 	Unified Model of Lunar Translation and Rotation has been
 
developed for studying lunar translational/rotational coupling
 
and 	the effect of terms arising in the Earth-Moon mutual poten­
tial. It is being verified by comparisons with Eckhardt (1965,
 
1970, 1973, 1976) and Oesterwinter and Cohen (1972) for eventual
 
use 	in the analysis of LURE data.
 
Figure-Pgure Interaction torques produce effects on the lunar
 
physical librations comparable in magnitude to those produced by
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certain fourth degree terms in the lunar gravity field. In par­
ticular, monthly variations of amplitude .002" were found ±n
 
the latitude librations, p and Ia. Also, long period variations
 
in p and Ia and the longitude lbrations, 7, with amplitudes
 
of -0.01" and periods that are fractions and multiples of the
 
lunar nodal-period (18.6 years) were using a numerical experi­
ment. The larger of the above effects causes range variations
 
of -10 cm. Thus, the FFI torques should be included in a lunar
 
libration model accurate to -0.01".
 
ORIGIN AL pAGEI 
6. S OLS OF pOO . 
All primed quantities refer to the Moon, unprimed quantities

refer to the Earth. The following symbols have not been
 
defined previously:
 
r. heliocentric position vector to planet i
i 
m. mass of planet i
 
a' = (C' - /A' 
8' = (C' -A)/Bl 
y I = (B' -A')/C' 
a reference radius
 
C k gravity harmonic coefficients
 
Sjk gravfty harmonzc coefficients
 
a, Ia physical librations in latitude
 
r physical libratmon in longitude
 
P Associated Legendre polynomials
 
G universal gravitational constant
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DISCUSSION
 
Counselman: Have you compared your theory with lunar laser 
observations yet? 
Breedlove: No, we have not reached that stage, although we
 
have the data.
 
MalhoZland: I think that the reason for your large residuals in 
the comparison of librazion models is probably due to having 
ohoeen a rarher poor analytical model against which to com­
pare. The errors in the comparison standardwill give spurious 
corrections to the nwnerical sarring conditions. Since the 
computer "Moon" has an infinire Q, this will svimulate 
artificial free librations in the nwerical integration. You 
must use a better standard. 
Breedlove: I have recently received the improved Eckhardt 
series 300, which I will use in the future. 
King: Eckhardt now has an even newer theory, designated
 
series 400.
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ABSTRACT:
 
A unified model of lunar translation/rotation (UblTFR) is
 
described in which the heliocentric motions of the planets, the
 
geocentric motion of the Moon, and the rotational motion of the
 
Moon are integrated simultaneously. Novel features of the UMLTR
 
include 1) inclusion of translational/rotational coupling, 2) inclu­
sion of figure-figure interactions (FFI) between the Earth and Moon,
 
3) the use of Euler parameters for Lunar orientation, and 4) the
 
use of a relatively new integrator developed by E. Everhart. At
 
present the UMLTR fits Eckhardt's 300-301 series with standard
 
deviations of 0.1", 0.15", and 0.1" in p, I., and T. The ULTR
 
lunar orbit differs from that in DE96 by 80 meters in 3 years and
 
200 meters in 6 years. Coupling effect residuals of 5 cm.,.o0 007",
 
and 0.001" after 3 years arise in lunar semi-major axis, perigee,
 
and longitude respectively if fourth order lunar harmonics are
 
included over and above a third order model.
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1. INTRODUCTION AD SU MARY
 
The Lunar Laser Ranging Experiment (LURE) has placed three lunar 
ranging retro-reflectors on the Moon as described by Bender (1973).
 
A series of measurements of the distance to these retro-reflectors
 
has been inferred from measured round trip travel times of pulsed
 
laser beams. These measurements have been made regularly since
 
August 1969 and allow determination of the distance to about + 8 cm. 
as reported by Williams (1976b). This same report indicates that a 
resolution of + 2-3 cm. is expected eventually. 
According to the LURE team, the LURE data can be used to obtain
 
improved knowledge of 1) retro-reflector and earth-based telescope 
coordinates, 2) lunar center of mass motion, 3) lunar librational 
motion, 4) Earth rotational motion, 5) Earth continental drift, 
6) gravitational theories, and 7) the internal composition of the 
Earth and Moon. Indeed, a number of major announcements have 
recently been made by the LURE team including 1) a confirmation of 
the equivalence principle of general relativity reported by
 
Williams (1976a), and 2) confirmation that lunar laser ranging is
 
capable of accurately determining the Earth's rotation as reported
 
by Stolz (1976).
 
The ultimate accuracy of the LURE data has led a number of
 
investigators to look into previously neglected physical and
 
dynamical effects in existing models for the translational/
 
rotational motions of the Moon. Thus gurevich (1976) analyzed the
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tidal effect in the theory of lunar rotation; Calame (1976) has 
studied the presence of small free librations; Lambeck (1975)
 
has investigated the effect of tidal dissipation in the oceans
 
on the Moon's orbit; and Melosh (1975) has studied the effect of
 
Mascons on the Moon's orientation.
 
Existing models for the translational and rotational motion 
of the Moon generally contain the assumptions that (1) lunar 
rotational and translational motion are uncoupled, and (2) Earth 
and lunar radii are small compared to the Earth-Moon distance. 
A speciaL perturbation model not incorporating the above two 
assumptions is currently being developed by the author. This 
model, the Unified Model of Lunar Translation/Rotation (UMLTR), 
is being used to investigate the above assumptions. This paper 
documents the UMLTR, provides comparisons with existing models, and 
gives the results of certain numerical experiments. 
Preliminary results using an early version of the UMhlTR were 
presented by Breedlove (1976a) showing that figure-figure inter­
actions (FFI) of the Earth and Moon have at least a 2-3 cm. effect 
on the distance measured to the retro-reflector. These FFI can
 
be investigated if the above assumptions are not made.
 
Novel features of the ULfLTR include 1) the ability to integrate 
the coupled rotational-translational motion of the Moon, 2) inclusion 
of FFI torques based on the Earth-Moon mutual potential, 3) the use 
of Euler parameters for lunar orientation, 4) the use of a relatively 
new integrator developed by Everhart (1974); and 5) the option to 
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integrate all planets, or only the inner planets or only the Earth-

Moon barycenter together with the lunar translational-rotational
 
motion. In the latter two options, DE96 provides the remaining
 
planetary positions and velocities.
 
Section 2 provides a sunnary of the equations of motion with
 
a brief description of the numerical integration scheme used.
 
Section 3 provides the results of certain verification tests of
 
the UMLTR including a comparison with DE96 for 6 years for transla­
tional motion; a closure test for 6.5 years of integration as a check
 
on numerical roundoff errors and a 3 year comparison of the tTh-TR
 
with Eckhardt's (1976) 300-301 series for the rotational motion.
 
Section 4 provides the results of some numerical experiments involving
 
coupling and the effects of FFI.
 
At present, the UMfiTR fits Eckhardts 300-301 series with standard
 
deviations of 0.1", 0.15", 0.1" in p, Ia, and t. The UMLTR lunar 
orbit and that of DE96 differ by about 80 m after 3 years of integration 
and 200 m after 6 years of integration. 
The effect of coupling is shown indirectly by plotting the lunar
 
orbital residuals between UMLTR runs which differed only by the
 
assumed lunar mass distribution. After 3 years, differences in semi­
major axis, perigee, and longitude are 5 cm.,,0 007", and 0.001"
 
respectively when a run containing 4th order lunar harmonics is
 
differenced with one containing 3rd order harmonics.
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2. EQUATIONS OF MOTION
 
2.1 	 General Equations 
The equations of motion for the Moon and planets used in the 
present version of the UIMTR are summarized here. The heliocentric 
motions of the planets and the Earth-Moon barycenter are integrated 
simultaneously with the geocentric translational motion of the Moon
 
and its rotational motion. 
The equations actually programmed are based on the more general 
equations:
 
m.V.U + F., 	 (1) 
= 	 2 ]{f }}, (2)
 
with 	i = 1,...,ll; j, k = 0,1,2,3. 
In equations (1) and (2), ri is the position vector of the ith 
body with respect to the solar system barycenter and [0B 12 3 ] are 
Euler parameters providing the orientation of'the Moon's principal 
axes with respect to a reference axis system defined later 
(section 2.6). 
The potential function U in equation (1) is of the form
 
ll 11 11
 
U-G Z E mim r-l +Gm Z -1
 
i=2 j=2- j=2 mj
 
i#j
 
OPOOR 	 0 v 26 
+ u + Z (3) 
p=2 
45 l
u+U + Z u 
p=2 
where the function UGP appearing in this equation represent the­
mutual potential between bodies a and p given in the form 
established by Giacaglia and Jeffreys (1971) viz.,
 
n
== I )-n 4 
U Gmm [ 2 -Z=OPnm(sin up)r p% (4) 
where
 
(D = Xa0 Cos m x + Yap sin m X
 
OP nm up nm ap-

The quantities Xap and ?1p are functions of the harmonic
 
nm- nf 
coefficients of bodies a and p and r0p, , X are the spherical
 
polar coordinates of one body with respect to a coordinate system 
at the first body. The notation used for the "N" bodies is Sun = 1, 
Mercury = 2, Venus = 3, Earth = 4, Moon = 5, Mars = 6, Jupiter = 7, 
Saturn = 8, Uranus = 9, Neptune = 10, and Pluto = 11. 
The force vector F is given by
 
F. F. + F. + F. (5) 
where F. represents the relativistic perturbations based on an
 
isotropic, Parameterized Post-Newtonian N-body metric and the
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vector F. represents the perturbations produced by the asteroids.

-I
 
Expressions for F. and F. were taken from the discussion of the JPL
 
- _
 
Development Ephemeris Number 96 by Standish et. al. (1976). The
 
vector F.t represents the tidal coupling perturbations and was

-i 
modeled as suggested by Oesterwinter and Cohen (1972). The vector,
 
{0i}, and matrix, [BkjI in equations (2) are composed of the Euler
 
parameters $0 l a20 3"
 
The angular velocity vector {Q} in equations (2) is essentially
 
the difference between the absolute angular velocity components of
 
the moon and a reference axis system as described later in section
 
2.6.
 
2.2 UMLTR Model for Translational Motion of Planets
 
In the UMETR, the heliocentric motions of the planets except
 
the Earth are integrated in the form
 
(i = 2,..., 11, i -A4,5) (6)
 
where
 
Li = l +15+ + 
and
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1 -1 2. -1 
-lr
 
In equations (6), a simplified version of Mil F. is used. The
 
version programmed is the Eddington-Robertson form as given by
 
Anderson (1974), viz.,
 
m.Fr = Gm1c-2p3[2(+Y)P. - YV23% 
(7)
 
+ 2(l+y)(pipi)pi}
 
where
 
2
vi=pi pi
 
*i= -l[
 
and 8 and y are relativity parameters. Note that the term 
is not included in equations (6) which, according to Moyer (1968) 
is a reasonable omission for accuracies of 1 m for the inner planets 
and 1 km for the outer planets. 
The effect of the asteroids was included only as they perturbed 
Mars orbit. Standard orbits for the asteroids was adopted as given 
in Standish (1976). 
In equations (6), the Sun is treated as spherica!; C20 and C30 
are retained for the Earth; and C20 C22' and $22 are retained for 
the Moon.
 
29 
2.3 UMLTR Model for Motion of Earth-Moon Barycenter 
The heliocentric motion of the Earth-Moon barycenter in the
 
UMLTR is integrated in the form
 
(8)

= m5(m4 + m5)-i i + m4(m4 + m5)-i P4 
where 
Using equations (i),4 can be written as 
B -- (m+m4)[m4M 1 -3 + -l
 
+~~ (m 3m5M ­
-M S2 jm( j-5)p5j + m4([(j-Q.)p4­j =2
 
j#4,5
 
-j ii] + + Fr] -5 
+ (ml + m4 + m5 )mIM-![ 5]5 + (9) 
where pi = Gm 
and 
M= m4 + m5 . 
InMrIn equation (9), mj r is omitted and the remaining
 
relativity terms come from equations (7)with
 
=-1 .(10a) 
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and
 
G- 1 Gm (10b) 
Cm 1 p15 + V 5 
2.4 UMLTR Model for Geocentric Lunar Motion
 
The geocentric lunar motion of the Moon in the UMLTR is 
integrated in the form 
Again using equations (1), pG can be written as 
= -
3 
_ Gm,[Q5 p5 3 - 31~iG -GP-MP- -5[% _ 24P4 
G11 -3 -3<
l 
G mJ[(P -J fP 5j - (P4 ­
j=2

j#7
4 ,5
 
+ F +F
+m [V U1 5 -5 :-5--s
 
- m- V[LT 4 + + F] 
+ Mm 511 5- 4h 5 (12) 
In equations (12), U45 retains 020 and 030 for the Earth and 
C20, C22, and S22 for the Moon. The tidal coupling terms are 
computed as suggested by Oestervinter and Cohen (1972) viz., 
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m- F- C 	 6 ) ( X x PC. (13) 
ii i-1i - i* ) 4i5 5±i4 IPG XIIP&G 
where 6.. is the delta function and C is the tidal coupling 
coefficient. The relativistic terms in equations (12) are computed 
as suggested by Moyer (1968) as 
-i _ mlFr =_4(S) - it(S) 
+ 4(E) - 4(M) 	 (14) 
where & (S) means the relativistic acceleration of the Moon due 
to the Sun, etc. In particular rM(S) and rE(S) are calculated 
from equations (7) and (10). The terms rM(E) and r_ (M) are 
calculated using the "N-body" metric in the form given by 
Standish (1976) viz., 
M14F E 11(r - r.)rt{ - 2( -4y)c-2 S -1
 
ri k#ikr
 
c-2 -1l
Z -krS + Y(Vi/c)2 + (i+y)(V./c) 2 
)02 - •. -12 
-
2(+y)c .-r2 (3/2)e-2(rr-r ij 
(_-'12c-_ 3 - 12J- 3 
+ 	 (1/2)c2(r.-r.) * +c -2 z1 r {[r.-r ]
Ijoiy m -I--­
[(2+ 2y) -( + 	 -r.) 
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+ (3/2 + 2y)c- 2 Z 11i.ri 	 (15) 
jti
 
where instead of summing over "j", "j" is set equal to 4 for rM(E) 
and 	"j" is set equal to 5 for i(M). 
2.5 	U1'LTR Model for Lunar Rotational Motion
 
The rotational motion of a rigid Moon satisfies Liouville's
 
equations. A special form of these equations are referred to as
 
Euler's equations, viz.,
 
(dxl {M/I} 	 C16)
 
1 2.1 
In the UMLTR, the orientation of the Moon is specifted by a
 
set of Euler parameters 
= 
(17)
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which represent a rigid rotation from a set of orbitally defined 
reference axes {Zi ) to the lunar principal axes {zi. These 
axes are described in section 2.6. 
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The relative orientation of (Z.1 and (z.1 is given by
 
{zi = [c(z i}  (18) 
where
 
2+1_2 02 2(a a + 068) 2(a88 -8 ) 
0 2 1H2 03 1 3 02 ] 
2
[C] 2(1 -0) _ a2 + s2 2 2(8+8a) j12 03 0 1 23 2 3 
+ a
2(0163 + 80$2) 2(a2 3 - a08 1) 20- ­
using the notation of Morton, et al. (1974).
 
The absolute angular velocity of the Moon, [w1t2 w3] is given by
 
=2[0jk]-( + [] (19) 
I413 Cos 
where [8jk is an orthogonal matrix of Euler parameters viz., 
6o -81 -82 -83
 
0 1 2 3
 
[$jk]=
 
a2 83 80 -81 
a3 -$2 1 0
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In equations (19), [C] is matrix [C] augmented by a row and 
column of zeroes - the zeroes forming the first row and column 
of [C]. Also, in these equations the angular velocity of the 
reference frame, {z}, is given by [-isin,$,icos ]. Finally if 
equations (19) are solved for { .} and put in a second order 
form, then the lunar rotational equations assume the form given
 
in equations (2) viz.,
 
1 d
 
E= kj]j
2dt
where
 
0 	 0 
('3 -isinp 
(JJ3 	 xcosp 
The time derivatives of {2.1 as required in equations (2) are 
evaluated from Euler's equations, (16). 
2.6 	Coordinate Frames
 
The basic inertial reference frame, Xi (i=1,2,3), is located at
 
the Earth's mass center and is the traditional mean equator and
 
equinox of 195b.0 system. Axes xi , and yi, with unit vectors i and
 
are Earth and Moon principal axis systems. Axes Zi , with unit
 
vectors K, are the reference axes for the lunar rotational motion.
 
35 
The 	unit vectors K. have a defined relation to the unit vectors
 
i' 	 i' i of a spherical polar system locating the Moon with 
respect to Xi.,viz.,
 
K1 =-	 = " 
-1 -r' 2 A'% 4 
2.7 	UMLTR Model for Earth Rotational Equations of Motion
 
Although the rotational equations of motion for the Earth
 
have 	been derived and coded in a manner similar to that done for 
the Moon (Section 2.4) those equations are not integrated in the
 
current version of the UMLTR. Instead the nutation, precession,
 
and 	spin of the Earth are defined by the formulae given by 
Lundquist and Veis (1966).
 
It was found necessary to use the rigorous rotation matrix 
for 	nutation however, rather than the linearized version incorporated 
there. The UMLTR can also read the JPL DE96 Ephemeris tape for
 
nutation and nutation rates. 
2.8 	Forces and Torques
 
The forces utilized in the UMLTR have been outlined in preceding
 
sections. Detailed derivations are presented in Breedlove (1975,
 
1976b, 1977). The lunar torques coded in the UMLTR are listed in 
Table 1. Pesek (1973) did not list all of the terms in the 4th 
order particle-figure interaction (FFI) torques and made some 
approximations in the remaining terms. The full fourth order 
PFI 	torques were coded in the UMLTR, however. A convenient vector
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form for the FFI torques when only C20 is considered is given by
 
Chobotov (1964) in the form 
T = -(15/2h)4C 2 0 p[P (l - 7 cos2 e). x r (20) 
(20 
+ 2 cos 0(4 x 4 + -ir I x '43) 3 " x3 
where 0 = @ ±.3i and I is the lunar inertia dyadic. 
LUNAR TYPE
 
GRAVITY OF
 
COEFFICIENTS INTER- BODIES
 
INVOLVED ACTION* NVOLVED REFERENCE
 
2nd Order PFI 	 Earth, Sun Eckhardt (1970) 
Moon
 
3rd Order PFI 	 Earth, Moon Pesek (1973)
 
4th Order PFI 	 Earth, Moon Pe~ek (1973)
 
4th Order FFI 	 Earth (C20 Breedlove-(1976a) 
C22) 2 
Moon (C20,
 
C22) 
*PFI = Particle - Figure Interaction
 
*FFI = Figure - Figure Interaction
 
TABLE 1. LUNAR TORQUES
 
2.9 Numerical Integration Method 
A relatively new integrator, as described by Everhart (1974a,
 
1974b), is being utilized in the UMLTR. This integrator uses an
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implicit single sequence algorithm. Substeps within each sequence
 
are taken using Gauss-Radau spacings for increased efficiency and
 
accuracy. The integrator has the form of an empirical time series
 
method and has been shown to be related to the implicit Runge-

Kutta method. Orders of 7,11,15,19,23,27 and 31 may be chosen and
 
the lth order option is being utilized on all UbLTR runs.
 
3. NUMERICAL VERIFICATION TESTS 
Results from numerical experiments and from several comparisons 
of the UMLTR with existing numerical/analytical models are presented 
here. All runs described here were made on the Old Dominion
 
University DEC-10 computer in double precision. This computer
 
maintains a precision of 18 decimal digits in double precision with
 
72 bits per double precision word.
 
3.1 	Comparison with DE96
 
Various comparison runs have been made with DE96 for the purpose
 
of validating the UNLTR for integration of the Moon and the planets. 
In the run described here, planetary initial conditions were 
obtained from DE96 for Julian Date 2441200.5 and all constants used 
in the DE96 run were duplicated in the UMLTR. The initial conditions 
for i , 8. (i = 0,1,2,3) were obtained from Eckhardt's (1976) 300 
series. All rotational physical parameters were set to those values 
specified by the 300 series. A program, EMAN, was developed to 
(in part) convert the physical librations of the 300 series into
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the Euler parameters i" Initial rates 0. are calculated by 
numerical differentiation of a cubic spline fit to ai in EMAl. 
The basic differences between DE96 and the UMLTR in terms
 
of the planetary integrations are that 1) the full relativistic
 
equations as given by Standish (1976) have not been programed
 
in the UMLTR, (see Section 2.2) and 2) the UMLTR integrations 
assume the Sun's mass center is the origin of an inertial
 
reference frame. With the above initial conditions, a run was made
 
for six years. The results of the comparison between the UMLTR
 
and DE96 are presented in Table 2. The quantity tabulated
 
there is
 
'r (X)E96 - + (YDE96 - + (E96 RE9)2 
in meters. The differences, 6r , are periodic with Jupiter having 
the largest values probably due to the omission of the Sun's 
acceleration in the UMLTR. An earlier comparison run was made 
without modeling the asteroids Juno, Pallas, and Vesta resulting 
in 6r 's of 398 m and 4608 m for Mars after 400 and 800 days 
respectively. Inclusion of the effect of these asteroids on Mars
 
orbit in the UMLTR produces the 6 'a quoted in Table 2. The run
 r 
described here used the llth order integrator with a constant
 
sequence size of 1 day. CPU'time on the DEC10 for the six year
 
run was approximately 102 minutes.
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PLANET4 00 d 800 d 1200 d 1600 d 2000 d 2400 d
 
./ TIME PAST EPOCH
 
MERCURY 56 115 54 179 190 245
 
VENUS 102 377 184 342 263 669
 
458 493 391 152 196
EARTH-MOON 306 

BARYCENTER
 
37 82 35 120 199 88
MOON (GEOCENTRIC) 

M.RS 162 	 873 82 641 752 268
 
JUPITER 61 	 327 1,278 5,202 7,847 12,400
 
161 338 579 923 1,421
SATURN 45 

38 144 137 229 329
URANUS 	 9 
3 11 26 35 63 59
NEPTUNE 
PLUTO 150 13 13 50 79 1 
TABLE 2. COMPARISON OF UMLTR AND DE96 FOR SIX YEARS (8 in meters).
 
1 
The primary goal of this work however, is to produce an
 
accurate integration of lunar translational/rotational motion.
 
The accuracy of comparison of the Lunar orbit with DE96 is
 
encouraging although no detailed comparison of the UMLTR and the
 
lunar ephemeris in DE96 (LE44) has been attempted. Also it
 
should be noted that options exist in the UM4LTR to integrate
 
only the Earth and Moon or only the inner planets and Moon while
 
reading all remaining planetary positions from DE96.
 
3.2 Closure Test
 
A closure test was performed using the UMLTR as a rough check 
on roundoff error. A run was initiated at Julian Date (JD) 
2441200.5 and terminated at JD 2442400.5. The terminal conditions 
were then used to perform a backward integration terminating at 
JD = 2441200.5. The same initial conditions used in the previous
 
test were used here. The PIAS position vector error for the Moon 
was 18 cm. and the PIAS velocity vector error was 7 cm./day. In 
terms of the physical librations, the error in p was 0.004", 
the error in Io was 0.07", and the error in T was 0.07". These 
are an indication of the roundoff errors after about 6.5 years of 
integration.
 
3.3 Comparison with Eckhardt's 300 Series
 
An iterative weighted least squares technique was used to 
fit the lunar physical librations p, I, and r calculated by the 
41 
UMfJTR with those available from Eckhardts (1976) 300 series.
 
Eckhardt's 300 solution was supplemented by a set of "additive"
 
and "planetary" terms supplied by Williams (197 6 c) and by the 
second order term described by Williams, et. al (1973). Also 
Eckhardt's 301 series terms were utilized to provide the effects
 
of 4th degree terms in the lunar gravitational potential. 
Differences of the UMLTR and Eckhardt's solution for p,
 
and r were calculated at 3 day increments for 1200 days. The 
quantity 
(300 - P ) + (too3 0 0 -%u ± 
ii
 
+(300- 2+ (t C 3 0 'UMLTR)i 
was chosen as the quantity to be minimized where the sum is over
 
all "observations". The fit was made by adjusting the initial
 
conditions, (8) and (0i) (i=0,1,2,3) and 9 bias parameters
 
using numerical partial derivatives. 
The quantities (8i) and (.i) are not all independent so
'0 0 
that in performing the estimation and in calculating the partial 
derivatives the following constraints are maintained
 
2 2 2 2 (20) 
0 1 2 3 
00 + 811 + 82 + 838 = 0. 
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In practice only %0 2, 0 8 2 were estimated with 3 and 
83 being calculated from the constraints by the method given in 
Moyer (1971). 
In calculating the numerical partial derivatives with respect 
to (0i)0, the usual normalization procedure used when integrating 
l 
Euler parameters must be suspended. Usually, these parameters 
are normalized by a factor, QN, where
 
2I'+ 1 + a32 + a2 
during the numerical integration.
 
The bias parameters, b. (i = 1,...,6) are of the form 
PU4LTR = pCALCULATED + b, + b2t 
IUMLTR = IUMLTR I b3 + b4t 
=- b5 + b6t, 
while the remaining bias parameters bT, b8, b9 represent arbitrary
 
constant rigid body Euler rotations about axes {z. }. 
The epoch for the fit was 2441200.5 and all initial conditions 
and parameters are consistent with DE96 and Eckhardt's 300 series 
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for that date. Again initial rotational conditions were calculated 
by program EMAN. 
The results of this fit are shown in Figure 1, where residuals
 
(0-C) in p, Ia, and T are shown in arc seconds plotted against 
days past 2441200.5. The means and standard deviations of these 
data are given in Table 3. The fit changed the nominal initial 
conditions at most in the 13th decimal place. The estimated values 
of the bias parameters are given in Table 4. All bias values were 
given nominal values of zero.
 
LIBRATION MEAN STANDARD 
(Arc sec) DEVIATION 
(Arc sec) 
p -o.lO113-4 0.093 
Ia 0.1850D-4 o.148 
0.3602D-3 0.053
 
TABLE 3. STATISTICS OF ULTR FIT TO ECKHARDT 300­
301 SERIES 
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Parameter Estimated Value
 
b1 0.19911 
b2 -0. O01 "/d 
b3 6.042" 
b4 -0.0!l"/d 
b5 -0.035" 
b6 O.292xlO- "I/d
 
70.010" 
b8 0.013" 
b9 0.018" 
b T 
TABLE 4. ESTIMATED BIAS P-A-AMETERS FOR UMLTR FIT TO
 
300-301 SERIES.
 
The residual patterns of Figure 1 show the existence of long
 
period free librations in p and Ia that could not be fit over this 
data arc. The residuals in T shov that the solutions differ by 
annual terms of about 0.1 arc second and that the free libration 
in T has been suppressed. The eszimated values of the bias 
parameters b -b 9 indicates that the coordinate reference frames 
of the 300 series and the UMLTR don't coincide precisely.
 
4. TRANSLATIONAL/ROTATIONAL COUPLING AND FIGURE-FIGURE INTERACTIONS 
Several runs of the U14LTR have been made to provide an indication 
of the effect of the earth-Moon mutual potential on lunar physical
 
librations and the effect of considering translational/rotational
 
coupling for the Moon.
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4.1 Coupling of Lunar Orbital/Rotational Motions
 
Duboshin (1958) has shorn that if terms factored by pG are 
retained in the differential equations of motion that coupling is 
present and that the force expressions contain terms involving 
second degree gravity harmonics while the torque expressions contain 
terms involving second and third degree gravity harmonics. The 
models terms factored by pG4 in the forces and by p-5 in
GTh 
the torques
 
A nominal run of the U1MTR was made modeling second and third 
order lunar gravity harmonics. Translational initial conditions came 
from DE96 at JD = 2441200.5. Rotational initial conditions 
were determined from a fit of the UlMTR to Eckhardt's 300 series 
to eliminate large free librations in T. 
Two additional runs were made using the same translational
 
initial conditions but changing the lunar gravity model and the 
rotational initial conditions. In the first case lunar second, 
third, and fourth degree harmonics were retained while in the 
second case only second degree harmonics were retained.
 
Rotational initial conditions, in each case, were found from fits 
of the UMLTR to Eckhardt's series.
 
Figure 2 shows the residuals between the nominal and the first
 
case run. Residuals in semi-major axis in meters, eccentricity, 
inclination, argument of perigee, node, and true longitude are 
shown. Al angular residuals are in seconds of arc. The elements 
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°9 
i-ti 
UW 
. I17 tA 3.4 6.14 - S71 f,0.7286 WN.W 
z

~~TIME (DA'f6 PAIST -POQN (Xit9 
Figure 2.- (Cot.) Lunar orbital residuals between 4th and 3rd degree 
torque models. 
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are with respect to the fixed 1950,0 system. The major effects
 
are the grow-th in longitude amounting to 0.001" in 3 years, the
 
periodic growth in perigee amounting to 0 007" in 3 years, and
 
the growth in semimajor axis of 5 cm. in 3 years. Identical
 
residual patterns were obtained for the case two run but the magni­
tudes were much greater, After 3 years, the residuals in semimajor
 
axis, perigee, and longitude for the latter case are 6.6 meters,
 
.09", and .17" respectively. Apparent secular motions may also be
 
noted in inclination, node, and longitude. The ratio of the effects
 
noted above between cases one and two are the same as the ratio
 
of the constant longitude bias between the two cases.
 
The model in the UlM4TR directly includes the effects of 2nd
 
order lunar harmonics in the forces governing translational motion.
 
The inclusion of 3rd and 4th degree terms in the torques can only
 
affect the translational motion through the coupling mechanism.
 
That is, the presence of these torques affects the lunar orientation
 
which, in turn, affects the forces.
 
-4-.2 Th Effect -ofFFI on Lunar Physical Librations
 
The effect of FFI -interactions on physical librations was shown
 
in a preliminary study in Breedlove (1976a). There it was shown
 
that these terms have at least an 0.01" effect on lunar physical
 
librations and thus should be included in any model analysing the
 
LURE data. Yoder (1977) has subsequently derived approximate
 
analytical expressions for the FFI effects on lunar physical
 
librations, That study indicates "that the largest terms produce an
 
49
 
18.6 year libration of magnitude .007" in longitude and 0.08" 
in latitude as seen from an inertial frame." 
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NOTATION 
Seconds of arc 
m j Mass of jth particle 
c Speed of Light 
C Tidal coupling coefficient 
a,8,y Lunar Principle Inertia Ratios 
CijSi3 Earth Gravity Harmonic Coefficients 
I I 
C 3,Sij Moon Gravity Harmonic Coefficients 
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ON LUNAR ORBITAL-ROTATIONAL 
COUPLING AND FIGURE-FIGURE 
INTERACTIONS rI THE EARTH-MOON 
SYSTEM 
W. J. Breedlove, Jr,* 
Department of Mechanical Engineering and Mechanics 
Old Dominion University
 
Norfolk, Virginia 
Abstract 	 the heliocentric orbits of all planets, the Earth-

A numerical model - the Unified Model of Moon harycenter, and the geocentric orbit of the 
Lunar Translation/Rotation (UMLTR) - nas Dean Mcon coupled with its rotational motion. The 
developed by the author. The model numerically integrator has the option of integrating the plane­
integrates the heliocentzzc motion of all planets, tary motions or reading their ephemerides from 
the Earth-oon barycenter, and the geocentric DE96. A relatively new integration method is 
motion of the Moon coupled with its rotaticnal utillzed n the UMLTR as developed by E. 
motion, Results are Dresented of numerical xper- Everhart. ,2 This method is an implicit single­
iments performed with the UMLTR whicn show secuence method using "Gauss-Radau spacings for 
coumling ­ effect orDital residuals of 5cm., substeps within each secuence". Integration 
.0007", and 0.001" in semi-major axis, perigee orders of 7 to 31 are possible. Other novel 
and longitude - after three years - between a features of the UHTR are that Euler narameters 
third-order lunar gravity model and a fourth-
 are used to model the lunar rotational moton and
 
order model. Figure-fzgure interactions provide the figure-figure interactions (FF1) of the Earth
 
perturbations of at least 0.01" an the lunar 	 and Noon are modelled from the mutual potential 
physical librations. Finally, the possibility 	 function,
 
of estimating simultaneously lunar inertia 
ratios, a, 8, y with lunar coefficients C20 and The effect of FFI interactions and coupling 
on the Moon's motions has had little discussion in 
C22 is discussed based on the UWTR and the Lunar the literature. A preliminary numerical study of 
Laser Ranging Experiment (LURE) observable, the effect of figure-figure interactions on the 
lunar physical librations was given by Breedlove.3 
Nomenclature yoder4 investigated the effect of span-spin inter­
actions on the lunar pnysical librations from a 
A,B,C Lunar principal moments of inertia theoretical standpoint. Langrange5 investigated 
C20'C22'$22 Lunar Harmonic Gravity Coefficients the effects of lunar lIbration on the lunar orbit. 
C 'C ' C0 Earth Harmonic Gravzty Coefficients W. J. Eckert 6 and Spencer Jones 7 attributed dis­
20'22 3crepancies between the ooserved and modelled 
M Lunar mass 
 motions of the lunar node and perigee to cne 
R Mean lunar radius "lunar figure, inaccuracies in observed and 
theoretical values, and possible effects of un­1. Introduction and Summary 	 known forces", Based on these discrepancies,
 
Zckert estxmated values for certain !unar 
Consideration of the coupling between lunar _nertias and their ratios. 
orbital and rotational motions and tne effect of 
the mutual Potential oet een the Earth and Moon In a more general sense, a number of authors 
have been - for the most part - ignored in many have discussed tne proolen of translational/rota­
numerical and analytical models developed in tne tional motion of mutually attracting rigid codies. 
past. The complexity of any model incorporating Dubosnind snowed that if terms factored bv 
these effects and the level of observational r-' - where r is the mutual distance between two 
accuracy available in tne past did not warrant rigid bodies - are retained in the differential 
their treatment. Recently, however, the onserva- ecuations then one has the case of semi-indecen­
tnonal accuracy has improved to such an extent dent motions. That is, the translational motion 
tnat inclusion of the aoove ef-ects may be can be solved independently and then used as 
imortant. The Lunar Laser Ranging Experiment -nput to the rotational solution. If terms 
-4
(LURE) is currently providing measurements of factored by r are retained then translational/
the ecuivalent distance from an Earth-bound tele- rotational motions are coupled and if terms 
scope to the lunar retro-reflectors accurate to factored by r -s are retained the FF1 terms appear 
13cm (over the period 1969-1977). The antici- in the torcues. Finally, tne FF1 terms appear 
pated accuracy level for tnis data is 2-3cm. in the force expressions if terms factored by 
r are retained. Beletskii mentions that 
The author has developed a numerical model V. T. KCondurar "observed that the perturbations 
for the coupled translacional/rotatonal notion introduced in tne lunar motaon v its "shape
of the Moon referred to as the Unified Model of effect" are of the same order of magnatude as some 
Lunar Translation/otation (Oqfl-TR) . This model of the effects considered in the modern theory of 
consists of tne direct numerical Integrataon of 	 the Moon". Several special-case solutions are 
availanle in the literature cased on assumed mass 
aistrbutions in coth codies. Examples of these 
are given by Lanzano" and cinoshita' 1 , 
*issociate Professor of Mecnan-cal Engineering 
and :;ecnanics 
Member AIA 
ORIGINAL PAGE IS 
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More practically, a vigorous treatment of 

the orbital-rotatonal coupling may provide for 
improved accuracy in the determination of the 
lunar moments of inertia from observational data. 
This wall provide more confidence in the model of 
the lunar Interior, 
The determination of the lunar inertias 
2
A/M]2 , B/Mi, and C/bR has always been accom-
plashed by combining data obtained from two 
fundamentally different sources. For example, 
the motion of the lunar perigee and node provide 
a measure of K and L wnere 
L=(3/2) (C-A)/MR 2=3C 2 2 -(3/2)C20' 
and 20the 
K-(3-2) (B-A)/M2=6C2 2, 
motion provides a means
and the lunar rotational 
of determining 

6= (C- )/B 
and 
y= (B-A)/C. 
Using individually determined L and K values or 
and Y values leaves tne inertias undetermined. 
But eg.
ut, if e.g., L, 8, K, and y are algenraically 
combined, estimates of the inertias can be
 
1 2 

obtained. Michael summarizes various solutions
 
for the inertias using the above approach. 

Eckert9 also utilized this approach. 

Recently, lunar orbiter, Explorer, Luna and 

Apollo orbital data have been utilized to esta-

mate 
C20= ((AB)/2-C]/M?0 cforces, 
obtach can from tne LURE data n orderwth 8 and 
for the lunar inertias. Gapcynski, et a1
1 3 
found C/lZR'=0.392±0.003 using this approach, 

Sinclar, et al proposed a simultaneous est-
nation of all six lunar inertia tensor components 
using LURE data and Lunar Orbiter P7 data. 
Typically, 6 has always been better deter-
minedtamC y hand williamsi reports that 
the uncertanty in C/mAz is dominated by the 

error an C which means that orbiting space-

crf dt 20

craft data must be improved. 
Since the UMLTR models the coupled orbital­
rotational motions of the Moon, the rotational 
parameters C=(C-A)/B, , and y and the orbital 
parameters C2 0 and C2 2 =(B-A)/4mof appear an the 
equations of motion, These five parameters are 
not indeperdent however, but are connected by 
the constraints 
C(dy-6) -22] (2) 
and 
(2)' 
Thus, the use of te UMLTR in the data reduction 
process offers the possailaty of solving for tne 
above parameters simultaneously using a single 
data set sUca as the LURE data set or toe VLBI 
(Very Long Base Interferometry) data set witn the 

attendant accuracy of such data. 

ORIGINAL PAGE IS 
OF POOR QUAITY 
The purpose of this paper is to oresent the
 
results of some numerical experiments made using
 
the U4LSTR in an investigation of FF1 effects,
 
coupling effects and the feasibility of esti­
mating the parameters of a, 8, y, and C22 C2 0 
using the LURE data set.
 
Section 2 provades a brief summary of the 
UMTR. Section 3 presents the results of a 
numerical study using the UMLTR which gives some 
indication of the magnitude of orbital-rotatonal 
coupling effects on the lunar orbit. section 4 
summarizes previously obtained results concerning 
rr= effects. Section 5 presents the results of a 
preliminary covariance study which andicates that 
lunar inertias A/tM2 , B/MR2 and C/fiB can he 
estimated simultaneously using a single accuratedata set such as that available from the LU/RE. 
2. The Unified Model of Lunar
 
Translation/Rotation- (W,!LTR) 
The equations of motion utilized an toe
 
UILTR are based on the general equations,
 
rfi 1 UL,i 1" ( . 11) (3) 
1-dir 2[ 1 (j=0, 1, 2, 3) (4) 
+s
 
a 
lthbody (Sun, 9 planets, Moon), U is the gravi­
tational potential function, as a vector of
 
(j } is a set of Euler parameters for
 
lunar orientation, and ( isil an angular velocitv 
vector,
 
More exnlacatly, an toe UNITE, the heiio­
centric orbits of the planets and t-e Earth-Moon
 
barycenter are integrated as subjected to n ­
body effects, relativistic effects modeled using
 
the Eddington-Rohertson equations as given by
 
Anderson 1', and indirect effects due to the
 interaction of the Sun with the Earth figure
 
22'I22(C20 and C30 and MOO2 fgure (C 2 2
203.0 

The effect of Ceres, Pallas, Juno and Vesta on
 
YMars is also included. 
The geocentric motion of the .oon is ante­
grated in the tHILTR, as subjected to a - body 
forces, tidal coupling modeled according to
 
Oesterwinter and Cohen7, Earth figure - Sun
 
interaction effects, and relativistic effects
 
modeled using the full 'N - Body" metric 
suggested by Moyerls in the form given by
9
Standish" .
 
The orientation of the Moon is specified by 
locating its principal axes, (z } , wath respect
axes usngwi the Eulerto a set of reference 

i
 
,
parameters [P0 8,, 82, 83j an the form given
by Morton, et a3J , xes {z } vita unat vectors 
.A ( w u
 
(K I are defined by K -a , K =ix ,K 3
 
r 2= 3=
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wnere ir, 1., and are unit vectors of a _9.7Xl0-"/c9 and -4.7xl0 '/cy 2 respectively. 
spherical polar coordinate system locating the Also- small bi-monthly terms are present in tne 
lunar mass center with respect to a geocentric node and inclination modulated by the 173-day 
mean euuator and ecliptic of 1950.0 system. solar nodal passage terms. The eccentricity and 
Matrix [B [$ 1] of equation (4) is an ortho- perigee exhibit a purely periodic character with 
gonal matrix of Euler parameters and angular small monthly terms modulated by the 205-day 
velocity vector (Q I of that equation is the solar apsidal passage terms, Finally, a periodic 
3 growth in semi-ma3or axis of ~Scm, is noted as 
angular velocity of the Moon with respect to well as maximum growth in longitude residuals of 
(Z I . .001" and in perigee of .Q007" in 3 years.I 
The torques modeled an the UMLTY, involve The apparent growth in all of those curves 
those due to particle-figure interactions between are in reality, a portion of a longer period 
the Earth, Sun, and lunar second degree harmonics, effect than the 3-year integration time. 
particle-fagure interactions between the Earth 
and lunar third and fourth degree harmonics and The residuals metween models 1I and II 
figure-figure interactions between the Earth exhibit the same behavior as shown in Figures 1 
(c2 0, c21 and the Moon (C20, C)22. and 2. The magnitude of the effects are much 
larger, however, The largest effects are growths 
An associated program, EMAN, has been in semi-ma3or axis longitude and perigee residuals 
developed that provides lunar orientation from of -7m, -0 17" and -0.1", respectively, as well as 
1Eckhardt's 300 series labration theory and a cuadratic term -16S"/cy 2 in tne longitude. This 
lunar position from DE96. latter value is consistent with an a of -24m/cy 
The node and inclination exhibit auadratic terms 
2
 
3. Translational/notational CouDling of -0.1"/cy 2 and~0.07"/cy , resDectvely. 
If terms factored by r -4 are retained in the It is interesting to note that tee ratios of 
differential equations, coupling is present and the quadratic terms between the I1-111 residuals 
the forces depend on lunar orientataon. Ecuiva- and the 111-17 residuals is the sane as the ratio 
-r
lently, lunar second degree harmonics of the constant offset in T (longitude libration)in the forces and lunar third degree harmonas predicted for those cases by Eckhardt's 300 series. 
appear in the torques. Exasting developments, 
e.g., uhat of Oesterwinter and Conen1 7 contain The model in the UMLTR directly includes the 
the second degree harmonic terms in the forces, effects of second order lunar harmonics in the 
Some adooted model for lunar rotation must be forces governing translational motion. The inclu­
used in those developments however, to provide sion of third and fourth degree terms in the 
the lunar orientation. The adonted model could torque models can only affect the translational 
range from one based on Cassni's laws to one motion through the coupling mechanism. That is, 
based on analytical or numerical solutions for the presence of these torques affects the lunar 
lunar rotaton made using an adopted lunar orbit, orientation wnich, in turn, affects the forces. 
This process is not necessary in the UMLTR how­
ever, since the lunar orientation is automatically This analysis snows that even fourth degree 
provided, lunar harmonics can have a measurable effect on 
The effects of coupling are numerically the lunar orbit contributing at least 5 cm. 
investigated using the UMLTR by determining tne effects in the geocentric lunar radius after 3 
effect of various lunar gravity models on the years. For consistency, if fourth degree lunar 
lunar orbital elements a, e, ., t, n and true harmonics are included in the lunar torques, 
longitude, L. Here, each run has adentical then third degree lunar harmonics should be 
translational initial conditions out the lunar retained in tie forces. 
rotational initial conditions and the lunar 
gravity model differ for each run. Three models 4. Figure-Figure Interactions 
are used viz., (W) a lunar second degree harmonic 
model (IT), (11) a lunar second and third har- FFI arise in the mutual potential of the 
monic model (III), and (ai) a lunar second, Earth-Moon system wnen the usual assumption that 
third, and fourth degree narmonic model (IV). Earth and lunar radii are small compared to their 
In each run, rotational anitaal conditions are mutual distance is dascarded 
determined from a least squares fit of the UMLTR 3 
to Eckhardt's 300-301 series for the lunar Breedlove
tt considered the interaction of C 
physical libratons p, IC, T. These fits are 
made over a 3-year period to sunress large free and C'22 for the Earth wirn a triaxial Moon using 
librations in the longitudinal labraton -rthat the METR. In that paper, a numerical study of 
appear witn an arbitrary choace of inatial con- the effects of the M. was presented wnich snowed 
ditons. Translational initial conditions come that monthly variations of the order of -0.002" 
from DE96 and all parameters are consistent witn were present in tne latitude liorations (p and I) 
DE96 and Eckhardt's 300-301 series, while long period variations in P, Ia, and r 
should be expected with amplatudes -0 01" and 
F-gures 1 and 2 snow tee residuals for a periods that are multanles and fractions of the 
3-year peraod from the Julian day epoch lunar nodal period (18.6 years), These effects 
2441200.5 between models III and IV Of prime cause range variataons of ~10cm, Thus, ,t was 
significance are the -l.5"/cy2 quadratic term suggested that these terms be moceled in any 
an longitude wnicn corresponds to an i=0.27cm./cy. analysis of LURE data accurate to -0.01".
 
The adratic terms in node and inclination are
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Suseguently, Yoder' used an aproximate DE96 at the initial epoch JD2440468.9217100694CUT)
theoretical analysis to show that the major FFI and a 8 were taken from program EM4ANat that 
effects produced the following perturnations in 10 0 
the latitude liatitions, dp, and the longitude initial epoch. Nominal values for tie other pars­
!larations, dv- meters were 
-
Sp=-01074 exp (-i1')-0"0026 exp (-ia) (52 8 = 6.31xlO ' 
+ 	0;'0014 exo (-i(Z4-O')-0"00l ex (-±(2y-Z-y']J = 2.275x10-'
 
C = 2.075x10 .
 
Ts=0"0067 sin (Q-¢')-0'001 sin 2w. (6) 	 20
 
22
 In the above, 0' is the node angle describing the Following Moyer , the covariance matrix is
 
Earth's spin axis with respect to the eclipt~c,
 
. is the lunar mean anomaly, u=(F-L) is the lunar r= fJ .r' 3" (11)
 
argument of pericencer, and i is the imaginary 
unit, where 
3.* A Coverlance Analysis for the J-- (p+AxS WA\T. X (12)
Simultaneous Estimation of Lunar x )TA5 
8, y,.and C20 
The feasibility of simultaneously estimati.ng A 
lunar S. y, and 020 using only LURE data was and 
investigated by forming a normal matrix based on = 
the LURE observable, -I numerical partial deriva­
tives and actual observation times over the period In equation (11), p is the parameter set, Tr 
September 1967 to January 1973. This normal ma- is the LURE observable, x are the independent 
t= was then inverted to give a covarlance/cor- parameters, s are the constrained parameters, W 
relation matrix providing a relative indication of is the data weighting matrix and ±si the a priori 
the feasibility of estimating the above quantities. 
covariance matrix for x. 
Nineteen (19) parameters were estimated as 
follows: Following Mulholland 2 3 , the elements of 
matrix A are computed from 
- lunar geocentric initial position vector,
 
. 0 .P-P *P -' 1 
P - lun.ar geocentric initial velocity vector, *. G - - (13) 
0G 

B (i=0,1,2) - lunar Euler parameter initial 
values,0 	 where C is the speed of lignt, P .s the
 
8 (i=0,l,2) - lunar Euler parameter initial -geocentric position vector of tne laser trans­1 rate values, mission 	 station and " is the selenocentrc 
B = (C-A)/B - lunar inertia ratio, 	 position vector of the retroflector coth exnressed 
in the 1950.0 mean Earth equator and eulnox 
y = (B-A)/C - lunar inertia ratio, 	 system. Unit vector 
C20 = (A+B/2-C/i&R2 - lunar oblateness, 	 D*= PG-O G Tacmtlv assumed 
a = (C-B)/A - lunar inertia ratio, in the deviation of equation 13 is that the
 
2
C22 = (B-A)/41a - lunar tesseral harmonic Earth transmission station and the lunar
 
retroreflector do not move during the -2.5
 
830 - lunar Diler parameter initial value, and seconds roundtrip light travel time.
 
3 - lunar Euler parameter initial rate value. The derivatives aT/Sp were computed as 
0 follows: 
The first 15 of the above oarameters were treated
 
as independent and the remaining four were sub-	 1. LURE normal point observation times 
2
ject to the following exact constraints 	 taken from Shelus 4 were converted from
 
UTC to ET using tne formulation given oy

22 
S 1=c8(-Y)/(-), (7) Moyer and JPL smoothed BIH data for the
 
pole position, Al-UTI ana Al-U c as
 
2 5
 
s= c32 =y(168)c2 0 /2ty(1-8)-281, (8) supplied by Wliams ,2 
1 *-nl 
. 2 
3	 (9] 2. The vectors PG' p I K , and D wereS8 ==i - 02- 5Il- 22', and 

calcalated at tee LURE observation times
 
4= = - (i/ 3)(808 8 3 2) (10) using the UNMTR, and finallv,
 
- -
3 Numerical tartials for p G/oI and 
Initial values for 0Go, 0GO were taken from a7 /;pI were generated using the UMLTR• 
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At aeac onservatzon time, the matrix J was -References 
incremented using a data weight corresponding to
 
the typical LURE data accuracy of 13cm. or 1. Everhart, E., "Implicit Single Sequence Methods 
4.3xlO-'sec, as given by Willams1 s. for Integrating Orbits," Cel, Mech. J., 10, 35 
(1974). 
The covarnance-correlation matrix was formed 
after 528 days, 887 days, and 1212 days. 2, Everhart, E., "Listing and Bxclanation of 
Program RADAU," Physics/Astronomy Technical
 
There were no significant correlations Report, Denver Research Institute (1974).
 
among $, y, C20 and the remaining parameters.
The formal standard deviations in , y, and C3. Breedlove, W. 7., Jr., "A Numerical Study of 
20 the Effects of Fourth Degree Terms in the 
were as shown in Table 1. Earth.-Mon Mutual Potential on Lunar Physical 
Lzrations,'" in Sc tf Ap nsofStandard Parameter Lunar-Lse Ranqo--; (Ed. 5. D, ulbollandi, 
Deviation - I oAso--pKys- -nd Space Sc. ib. 62, D. Reidel, 
6S (1S77).29x .2Ls0.' .68X10-7fter 528 days -lo 
° tfr 887 days 37x1-14 *:25x108 27xlO 4. Yoder, C. F., "Effects of the Spin-Spin
 
fter 1212 days "24xi0 -' .86xL0- 16xl0-a Interaction and the Inelastic Tidal Deforma­
tion on the Lunar Physical Libratlons,"

TABLE 1. STA-NDAD DEVIATIONS FOR 0, y, C20. Proc. of Symposium on Natural and Artificial 
Satellite Motion, Texas (1977).
 
The acove figures are meant to provide a 5. Lagrange, J. I., "Theorie de la Libration de 
relative indication of tne feasibility of simul- la Lune," Oeuvres, Tome V, p. 1. 
taneously estimating B, y, and C2 0 and hence, 
,A/Ma 2 , B/Ma and C/Ma 2 using the LURE observable. 6. Eckert, W. J., "On the Motions of the Perigee 
Many other parameters should be included for a and Node and the Distribution of Vass in the 
more definitive study. Moon," A. J., 70, No. 10, 787 (1965). 
The parameters a and y are routinely esti- 7. Jones, H. S., Ann. Cape Obs. 13, Pt. 3 (1932). 
mated using LURE data, one of the latest results 
being presented by Williams is as 8. Duboshln, G. N., "The Differential Ecuatlons 
-
$ = (631.26 ± 0.3) x l0 and of Translational-Rotational Motion of Uutually 
y = (227,37 0.6) x 10 - 6 . Attracting Rigid Bodies," Soviet Astronomy 
A. J., 2, 239 (1953).
 
The LUTE observable is more sensitive to
 
and y as shown in Table I than to C20 but the 9. Beletskni, V. V., "Mozion of an Art'-f cial 
Satellite About Its Center of !lass, NASA 
magnitudes indicate that C20 should be deter- TTF-429 (1966). 
minable from LURE data in a simultaneous estima­
tion of these parameters using the (JMLTR. 10. Lanzano, P., "The Relative Motion of Two 
Spheroidal Rigid Bodies," Astronhs, and Sp. 
6. conclusions Sc. 5, 300 (1969).
 
Coupling,effects have been shown to produce 11. Kinoshita, H., "First Order Perturbations of
 
residuals of Scm., .0007", and 001" after 3 the Two Finite Body Problem," Publ. Astrcn.
 
jears in the orbital parameters: semi-ma3or axis, Soc. Japan 24, 423 (1972).
 
perigee end longitude, respectively. These 
effects stem from the inclusion of fourth order 12. Michael, W. H., Jr., "Preliminary Pesults from 
terms in the lunar ;otential wnica modify the the Lunar Orbiter Selenodesy Experiment," 
lunar orientation and, therefore, tne forces Paper presented at the NASA Institute for 
producinq the lunar orbit. Space Sciences Colloquum New York, May 18 
(1967),
 
FFI interactions have been shown to produce
 
effects as great as 0.01" in the lunar physical 13, Gapavnski, J. P.; Blackshear, W. T.; Tolson, 
librations. R. H., "A Determination of the Lunar Moment 
of Inertia," Geophys. Res. Letters 2, No. 8, 
in a 353 (1975)Modeling, the dynamics of the Moon 
coupled translational-rotatonal sense as
 
accomplished in the UMLTR offers the advantages 14. Sinclair, W. S. Sjogren, W. L.I Wlliams, 
of providing rigorously for tnese coupling and j. G.) and Ferrari, A. J., "The Lunar 
FRI effects. it also offers the nossibility of Moment of Inertia Derived :ron Combined 
estimating, for the first time, the lunar Doppler and Laser Ranging Data", 7tn Lanar
 
inertias A/MR2 , B/NEZ, and C/MR 2 from a single Science Conference Proc. (1976).
 
extrmely accurate data set viz. the LURE data.
 15. Wllams, J. O., "Present Achievements 
from Lunar Laser Ranging," in Scientific 
Aoplications of :unar Laser Ranging (Ed. 
J. D. Mlholland), Ascropnys. and SP. Sc. 
Lib. 62, D. Reidel, 37 (1977).
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